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Abstract
We give an explicit representation of the class of linear permutation polynomials. By the representation,
the number of them can be computed easily.
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1. Introduction
An interesting class of permutation polynomials is the following. Let Fqn be an extension of
the finite field Fq and consider linearized polynomials L(x) of the form
L(x) =
n−1∑
s=0
αsx
qs ∈ Fqn [x], (1)
which are called linear permutation polynomials. At p. 362 of [1], Rudolf Lidl and Harald Nieder-
reiter tell us that (1) is a permutation polynomial if and only if the determinant of following
matrix
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is not zero.
In this paper we represent the linear permutation polynomials explicitly, and we obtain the
number of them in this way.
Because we will use the theory of linear recurring sequences to prove our result, we first
give some details of the basic terminology. A sequence a = {a0, a1, a2, . . .} of elements of a
finite field Fq is called a linear recurring sequence in Fq with characteristic polynomial f (x) =
xn − (cn−1xn−1 + · · · + c0) ∈ Fq [x] if an+k = ∑n−1i=0 ciak+i for k = 0,1, . . . . Here n is any
nonnegative integer. The set of all linear recurring sequences in Fq with fixed characteristic
polynomial f ∈ Fq [x] is denoted by G(f ). For a linear recurring sequence a in Fq, its minimal
polynomial m(x) ∈ Fq [x] is defined to be the (uniquely determined) characteristic polynomial
of a of least degree. A q-ary sequence generated by an n-stage linear feedback shift register is
called a maximal length sequence (an m-sequence for short) if it has period qn − 1.
Further background on linear recurring sequences can be found in [2]. In particular we list
following four lemmas needed.
Lemma 1.1. Let f (x) = xn + cn−1xn−1 + · · · + c1x + c0 be an irreducible polynomial over
Fq of degree n, and let α be a root of f (x) in Fqn . Let a = {ai} whose elements are given by
ai = Tr(βαi), i  0, β ∈ Fqn . Then a ∈ G(f ).
Lemma 1.2. With the notation of the above lemma, for any sequence a = {ai} ∈ G(f ), there
exists some β ∈ Fqn such that ai = Tr(βαi), i  0.
Lemma 1.3. Let a be a sequence over Fq . Then a is an m-sequence with period qn−1 if and only
if the elements of a can be represented by ai = Tr(βαi), i  0, β ∈ F∗qn where α is a primitive
element in Fqn .
Lemma 1.4. Let a be an m-sequence, then in every period of a, each nonzero n-tuple
(λ1, λ2, . . . , λn) ∈ Fnq occurs exactly once.
2. Main theorem
Theorem 2.1. Let
f (x) =
n−1∑
s=0
βq
s (
α0 + αqsα1 + α2qs α2 + · · · + α(n−1)qs αn−1
)
xq
s ∈ Fqn [x], (2)
where α is any primitive element in Fqn , {α0, α1, . . . , αn−1} is any basis of Fqn over Fq and β
is any nonzero element of Fqn . Then f (x) is a permutation polynomial. And there are exactly
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must be the form of (2).
In order to obtain the result, we need the following lemma first.
Lemma 2.2. If L1(x) =∑n−1s=0 αsxqs and L2(x) =∑n−1s=0 α′sxqs are two linearized polynomials
in Fqn [x], then they define the same function from Fqn to Fqn if and only if αi = α′i , 0 i  n−1.
Proof. If αi = α′i , 0  i  n − 1, it is clear that L1(x) and L2(x) define the same functions
from Fqn to Fqn .
Conversely, for any γ ∈ Fqn we have L1(γ ) = L2(γ ). If we take a basis {γ0, γ1, . . . , γn−1}
of Fqn over Fq , combining with L1(γs) = L2(γs), 0 s  n − 1, we obtain⎛
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⎟⎟⎟⎟⎠ .
Since {γ0, γ1, . . . , γn−1} is a basis of Fqn over Fq , by Lemma 3.51 in [1], the determinant of the
matrix in the above equation is nonzero. It follows that (α0 − α′0, α1 − α′1, . . . , αn−1 − α′n−1) =
(0,0, . . . ,0), hence αi = α′i , 0 i  n − 1. 
Now we give the proof of the main theorem.
Proof. By Lemma 1.3, we can take an m-sequence a = {ai}, ai ∈ Fq, given by ai = Tr(βαi),
i  0, where α is any primitive element in Fqn , and β is any nonzero element of Fqn . Suppose
{α0, α1, . . . , αn−1} is any basis of Fqn over Fq . Let
Bi =
n−1∑
s=0
as+iαs =
n−1∑
s=0
αs
(
βαs+i + βqα(s+i)q + · · · + βqn−1α(s+i)qn−1)
=
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αsβα
s
)
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s=0
αsβ
qαsq
)(
αi
)q + · · · +
(
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s=0
αsβ
qn−1αsq
n−1
)(
αi
)qn−1
,
0 i  qn − 2, by Lemma 1.4 we know {Bi | 0 i  qn − 2} ∪ {0} = Fqn . Hence if we let
f (x) =
(
n−1∑
s=0
αsβα
s
)
x +
(
n−1∑
s=0
αsβ
qαsq
)
xq + · · · +
(
n−1∑
s=0
αsβ
qn−1αsq
n−1
)
xq
n−1
,
which is the same as (2), then Bi = f (αi),0 i  qn − 2, and f (0) = 0, so f (x) is a permuta-
tion polynomial in Fqn [x]. Now if we take another basis {α′0, α′1, . . . , α′n−1} of Fqn over Fq , com-
bining with the same given pair (β,α) above, we obtain another permutation polynomial g(x),
we will prove that f (x) = g(x) if and only if (α0, α1, . . . , αn−1) = (α′ , α′ , . . . , α′ ).0 1 n−1
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{0,1,2, . . . , qn − 2}. Then α0 = Bi = f (αi) = g(αi) = B ′i = α′0. As the same way, there are
n-tuples (0,1,0, . . . ,0), (0,0,1,0, . . . ,0), . . . , (0, . . . ,0,1) in every period of the sequence a,
we can also obtain αs = α′s ,1 s  n − 1.
So if we fixed a nonzero element β and a primitive element α in Fqn , we can get (qn − 1) ·
(qn − q)(qn − q2) · · · (qn − qn−1) different linear permutation polynomials, which is the same
as the number of different bases of Fqn over Fq .
Now if we take another pair (β ′, α′) of one nonzero and one primitive element in Fqn , and
any basis {α′0, α′1, . . . , α′n−1} of Fqn over Fq , then doing the same as above they determine a
permutation polynomial
h(x) =
n−1∑
s=0
(β ′)qs
(
α′0 + (α′)q
s
α′1 + (α′)2q
s
α′2 + · · · + (α′)(n−1)q
s
α′n−1
)
xq
s
.
We will show that there is a basis {α0, α1, . . . , αn−1} of Fqn over Fq , with the pair (β,α) given
above can construct the same permutation polynomial h(x).
By Lemma 2.2, we consider the linear equations
βq
s (
x0 + αqs x1 + α2qs x2 + · · · + α(n−1)qs xn−1
)
= (β ′)qs (α′0 + (α′)qs α′1 + (α′)2qs α′2 + · · · + (α′)(n−1)qs α′n−1), (3)
0  s  n − 1. Since α is a primitive element in Fqn , {1, α,α2, . . . , αn−1} is a basis of Fqn
over Fq . Hence {β,βα,βα2, . . . , βαn−1} is also a basis of Fqn over Fq .
Then the coefficient matrix
M =
⎛
⎜⎜⎜⎜⎜⎜⎝
β βq βq
2 · · · βqn−1
βα (βα)q (βα)q
2 · · · (βα)qn−1
βα2 (βα2)q (βα2)q
2 · · · (βα2)qn−1
...
...
...
...
βαn−1 (βαn−1)q (βαn−1)q2 · · · (βαn−1)qn−1
⎞
⎟⎟⎟⎟⎟⎟⎠
T
,
of linear equations (3) is invertible. So we can suppose (α0, α1, . . . , αn−1) is the solution of
(3) in Fnqn . By (3), β,α and (α0, α1, . . . , αn−1) construct the permutation polynomial h(x). Let
a = {ai} = {Tr(βαi)}, i  0, then it is an m-sequence. Since {∑n−1s=0 as+iαs, 0 i  qn − 2} ={h(αi), 0 i  qn − 2} = F∗qn , by Lemma 1.4, {α0, α1, . . . , αn−1} must be a basis.
So by the construction in the proof of the above we have obtained (qn − 1)(qn − q)
(qn − q2) · · · (qn − qn−1) different permutation polynomials of the form (1).
Now we will show that there are exactly (qn − 1)(qn − q)(qn − q2) · · · (qn − qn−1) different
permutation polynomials of the form (1). Suppose
L(x) =
n−1∑
α′sxq
s ∈ Fqn [x] (4)s=0
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βq
s (
x0 + αqs x1 + α2qs x2 + · · · + α(n−1)qs xn−1
)= α′s , 0 s  n − 1, (5)
where (β,α) is a pair fixed elements as above in Fqn . Then the coefficient matrix M of lin-
ear equations (5) is invertible. So we can suppose (α0, α1, . . . , αn−1) is the solution of (5) in
F
n
qn . Because L(x) is a permutation polynomial, by the same as above discussion, we know{α0, α1, . . . , αn−1} is a basis. Hence all the linear permutation polynomials must be of the
form (2). 
In the proof of the Theorem 2.1, we actually obtain the following Corollary 2.3.
Corollary 2.3. Let α be a fixed primitive element in Fqn , then the set
{
f (x) =
n−1∑
s=0
(
α0 + αqsα1 + α2qs α2 + · · · + α(n−1)qs αn−1
)
xq
s ∈ Fqn [x]
∣∣∣
where {α0, α1, . . . , αn−1} is any basis of Fqn over Fq
}
contains and only contains all the different linear permutation polynomials.
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